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Abstract: We consider field theories that exhibit a supersymmetric Lifshitz scaling
with two real supercharges. The theories can be formulated in the language of stochastic
quantization. We construct the free field supersymmetry algebra with rotation singlet
fermions for an even dynamical exponent z = 2k in an arbitrary dimension. We analyze
the classical and quantum z = 2 supersymmetric interactions in 2 + 1 and 3 + 1 spacetime
dimensions and reveal a supersymmetry preserving quantum diagrammatic cancellation.
Stochastic quantization indicates that Lifshitz scale invariance is broken in the (3 + 1)-
dimensional quantum theory.
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1 Introduction
Lifshitz scaling is a symmetry under which time and space scale differently:
t→ λ−zt xi → λ−1xi i = 1, . . . , d , (1.1)
where d is the number of space dimensions and z is the dynamical critical exponent, which
measures the anisotropy between space and time. While there is no sign for Lifshitz scaling
at high energy, it is a property of certain low energy systems of condensed matter, that
exhibit quantum criticality (see e.g. [1]).
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The generators of Lifshitz symmetry in d+1 spacetime dimensions are time translation
P0, space translations Pi, the scale transformation D and space rotations Mij . The Lifshitz
algebra has the following commutation relation structure:
[D,Pi] = iPi, [D,P0] = izP0, [Mij ,Mkl] = iδkjMil + . . . ,
[Mij , Pk] = −iδkiPj + . . . , [Mij , P0] = 0.
(1.2)
Note, that the Lifshitz algebra has no Casimir operators that are polynomial in the gener-
ators, and thus has no nontrivial irreducible representations.
In this work we will study supersymmetric extensions of the Lifshitz symmetry, in
which the dynamical exponent is even. Supersymmetry involves both Grassmann odd
and Grassmann even generators. With boost invariance, they are associated by the spin-
statistics theorem to fermions and bosons, respectively. Since boosts are not part of the
Lifshitz algebra, this is no longer true. We will denote by Q the Grassmann odd generators
of the Lifshitz superalgebra. They are characterized by their representation under the
d-dimensional rotation group, and we will consider the singlet representation.
In the relativistic z = 1 case, one has {Q,Q} ∼ /P . Here, however, the dimensions of
P0 and Pi are different and this can no longer be the case. Using a free field realization
with singlet fermions, we find that the supersymmetric algebra has the structure:
{Q,Q} ∼ H, [Mij , Qα] = 0, [D,Q] = iz
2
Q . (1.3)
Supersymmetry possesses attractive features in the context of high energy particle
physics. Such are the cancellation of quadratic divergences in the radiative corrections
to the Higgs boson mass, the unification of the standard model gauge couplings, and
having a natural candidate for dark matter (see e.g. [2] and references therein). By
now, supersymmetry is the most extensively studied generalization of the standard model.
In the context of low energy condensed matter systems, models satisfying the detailed
balance condition admit a natural supersymmetric generalization [3–6]. These often arise
in the context of stochastic quantization rendering supersymmetry natural in models with
a stochastic noisy background. Yet, both at low energy and high energy, supersymmetry
has not been found experimentally. Previous studies of supersymmetry in Lifshitz field
theories are [6–8].
We will consider in detail supersymmetric parity and time reversal invariant inter-
actions for z = 2 in 2 + 1 and 3 + 1 spacetime dimensions. These interactions can be
constructed using stochastic quantization with a detailed balance condition. We will study
the quantum corrections at first and partially second order in perturbation theory. Su-
persymmetry is preserved quantum mechanically and we reveal a cancellation mechanism
lowering the degree of the diagrammatic divergence.
The paper is organized as follows. In section §2 we construct a free Lifshitz Wess-
Zumino model and the supersymmetry algebra for even z and singlet fermions. In section
§3 we outline the supersymmetric invariant interactions for z = 2 in 2+1 and 3+1 spacetime
dimensions, and in section §4 we analyze the quantum corrections. We conclude with a
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summary and discussion in §5. A list of notations and conventions is given in appendix
§A.
2 Free Supersymmetric Lifshitz Field Theories
In this section we will construct free supersymmetric Lifshitz field theories and the corre-
sponding supersymmetry algebra.
2.1 Lifshitz Wess-Zumino Model
We consider the following Lifshitz action for z = 2k and singlet fermions (the summary of
conventions can be found in appendix A):
S =
∫
dtddx
[
(∂tφ)
2 − g2
(
∇2kφ
)2
+ ψ¯γ0∂tψ + gψ¯∇2kψ + F 2
]
. (2.1)
φ is a real boson, ψα is a two component (one on-shell degree of freedom) real fermion
field ψ¯ = ψTσ2 where σ2 is the second Pauli matrix, and F is an auxiliary bosonic field.
g is a dimensionless parameter measuring the relative strength of the kinetic terms. It is
unconstrained in the absence of boost invariance.
The scaling dimensions of the fields are given by [φ] = (d − z)/2, [ψ] = d2 and [F ] =
(d + z)/2. In a supersymmetric model one expects the bosons and fermions to have the
same dispersion relation, hence the relation between the coefficients of the spatial parts of
their kinetic terms. Note, that singlet fermions seem to be incompatible with odd z, since
it is not clear how to write a local and rotationally invariant Lagrangian.
The action (2.1) is invariant under the following supersymmetry transformation:
δφ = ¯ψ,
δψ =
(
−γ0∂t + g∇2k
)
φ+ F,
δψ¯ = ¯
(
γ0∂t + g∇2k
)
φ+ ¯F,
δF = ¯
(
−γ0∂t − g∇2k
)
ψ ,
(2.2)
with the commutation of two supersymmetry transformations given by:
(δ1δ2 − δ2δ1)X = −2¯2γ01∂tX, (2.3)
and X ≡ {φ, ψ, F}.
The Noether supercurrents associated with the supersymmetry transformation (2.2)
read:
J0 = 2
(
ψ¯∂tφ+ gψ¯γ
0∇2kφ
)
,
J i = −2g
2k−1∑
n=0
(−1)n
(
∂ni ψ¯γ
0∂2k−n−1i ∂tφ− g∂ni ψ¯∂4k−n−1i φ
)
,
(2.4)
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and using the canonical commutation relations between the fields:
{
ψα (~x) , ψ¯β (~y)
}
= − i
2
(
γ0
)
αβ
δ2 (~x− ~y) ,
[
φ (~x) , φ˙ (~y)
]
=
i
2
δ2 (~x− ~y) , (2.5)
one gets the supersymmetry algebra:
{Qα, Qβ} = 2γ0αβH , (2.6)
where the supercharges are given by:
Q = 2
∫
ddx
(
ψ¯∂tφ+ gψ¯γ
0∇2kφ
)
, (2.7)
and the Hamiltonian reads:
H =
∫
ddx
(
(∂tφ)
2 + g2
(
∇2kφ
)2 − gψ¯∇2kψ) . (2.8)
In two space dimensions the action (2.1) is invariant under the supersymmetry transfor-
mations (2.2) even when the fermions are not singlets. The reason being that one can use
the additional SO(2) fermion particle number symmetry to relate the different covers of
the spatial rotation group. It is also straightforward to check, at least in two space di-
mensions, that the action (2.1) and the supersymmetry transformations (2.2) compose the
most general supersymmetric structure with singlet fermions and SO(2) particle number
symmetry.
In the derivation of the commutation relation (2.6) it is useful to use the rotated
complex spinors:
λ1 ≡ ψ1 − iψ2
2
, λ2 ≡ λ∗1 =
ψ1 + iψ2
2
, (2.9)
that satisfy the canonical anticommutation relations:
{λ1(~x, t), λ2(~y, t)} = 1
4
δ2(~x− ~y) . (2.10)
The fermionic Lagrangian reads:
Lf = 4iλ1∂tλ2 + 4gλ1∇2kλ2 , (2.11)
and the fermion particle number symmetry is:
λ1 → eiθλ1, λ2 → e−iθλ2 . (2.12)
The free supersymmetric action for the singlet fermions and the scalar can we written
using the stochastic quantization approach (see e.g. [9]), where:
S
[
φ, ψ, ψ¯
]
=
∫
ddxdt
(
φ˙2 −
(
δW
δφ
)2
+ ψ¯
(
γ0
d
dt
− δ
2W
δφ2
)
ψ
)
, (2.13)
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and
W (φ) = −g
2
∫
ddx
(
φ∇2kφ
)
. (2.14)
This will prove useful when constructing the supersymmetric invariant interactions.
3 z = 2 Supersymmetric Interactions
In this section we construct z = 2 supersymmetric parity and time reversal invariant
interaction terms in 2 + 1 and 3 + 1 spacetime dimensions. We assume the existence of
an SO(2) particle number symmetry (2.12). Consider the parity transformation on one
coordinate x1 → −x1 of the vector ~x = (x1, . . . , xd). We define the action on the fermionic
field, such that the free supersymmetric Lagrangian of the previous section is invariant. It
reads
P1ψ(t, x1, x2, . . . , xd)P1 = ψ(t,−x1, x2, . . . , xd) . (3.1)
Time reversal takes i→ −i, ∂t → −∂t and we similarly define
Tψ(t, ~x)T = −γ2ψ(−t, ~x) , (3.2)
or alternatively with γ1. In terms of the independent components we have:
Tψ1(t, ~x)T = ψ1(−t, ~x), Tψ2(t, ~x)T = −ψ2(−t, ~x),
Tλ1(t, ~x)T = λ1(−t, ~x), Tλ2(t, ~x)T = λ2(−t, ~x).
(3.3)
The most general local power counting (in weighted Lifshitz units) renormalizable1 inter-
actions invariant under parity, time reversal and SO(2) particle number symmetries take
the form:
Lint = ψ¯ψW + Fψ¯ψW1 + FW2 + F 2W3 +W4 + ψ¯γ0∂tψW5 + ψ¯∇2ψW6, (3.4)
where the W , Wi denote real polynomial functions of the boson φ and its derivatives.
We will consider two sets of interactions, marginal and relevant. We find that unlike the
relativistic case here we only have derivative interactions.
3.1 Marginal Interactions in 2 + 1 Dimensions
In this subsection we study interactions whose parameters are dimensionless in weighted
Lifshitz units which are invariant under supersymmetry.2 The most general parity and
time reversal invariant marginal interaction is a linear combinations of the following two
1For a study of renormalizability of Lifshitz theories see e.g. [10].
2The parity and time reversal odd interaction ijψ¯γ0∇iψ∇jφ of [11] is not invariant under supersym-
metry due to the ijψ¯γ0∇iψ¯∇jψ contribution to the supersymmetric variation which cannot be cancelled.
Hence in the presence of supersymmetry this term cannot serve as a mechanism for creating anyons.
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sets of interactions – marginal interactions without time derivatives:
Laint =
∞∑
n=1
anφ
n−1 [−gF (2φ∇2φ+ n∇iφ∇iφ)
+
n
2
gψ¯ψ∇2φ+ gψ¯∇2ψφ− 2g2φ (∇2φ)2 − ng2∇2φ∇iφ∇iφ] , (3.5)
and marginal interactions containing time derivatives of the fields:
Lbint =
∞∑
n=1
bnφ
n−1
[
F 2φ+ F
(
2gφ∇2φ− n
2
ψ¯ψ
)
−n
2
gψ¯ψ∇2φ+ ψ¯γ0∂tψ φ+ g2φ
(∇2φ)2 + φ(∂tφ)2] , (3.6)
where an and bn are coefficients that do not depend on the fields. This is derived by
writing the most general form of the functions W , Wi and requiring invariance under the
supersymmetry transformations.
One could at this point integrate out the auxiliary field using its equation of motion.
Note that in the case of Lbint this solution turns out to be non-local in the fields. We
will proceed with the first set of interactions only and leave the second set (with time
derivatives) for future study. Solving for the auxiliary field we get
La =(∂tφ)2 − g2
(∇2φ)2 + ψ¯γ0∂tψ + gψ¯∇2ψ
−
( ∞∑
n=1
ang
(
φ∇2φ+ n
2
∇iφ∇iφ
)
φn−1
)2
+
∞∑
n=1
angφ
n−1
[n
2
ψ¯ψ∇2φ+ ψ¯∇2ψφ− 2gφ (∇2φ)2 − ng∇2φ∇iφ∇iφ] .
(3.7)
3.2 Relevant Deformations in 2 + 1 Dimensions
In this section we study supersymmetric deformations of Lifshitz theories which do not
include fermion derivatives. This means that we will look at the interaction (3.4) with W5
and W6 set to zero. Under this condition we find that the most general supersymmetric
interaction takes the form:
Lcint =
∞∑
n=1
cnφ
nF − 1
2
cnnφ
n−1ψ¯ψ − cnn gφn−1∇iφ∇iφ. (3.8)
These interactions have coupling constants with positive Lifshitz scaling dimension [cn] = 2.
Choosing for example n = 2 one gets a Yukawa-like interaction. This is derived as follows.
Requiring cancellation of F 2 terms and terms which contain one auxiliary field, one fermion
and one time derivative after the supersymmetry variation we obtain W1 = W3 = 0.
Cancellation of three fermion terms requires W to be a polynomial in the bosonic field. W2
and W4 can then be found by making the most general ansatz with arbitrary coefficients
and imposing invariance under supersymmetry up to total derivatives. Solving for the
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auxiliary field and rearranging we get
Lc =(∂tφ)2 − g2
(∇2φ)2 + ψ¯γ0∂tψ + gψ¯∇2ψ
− 1
4
( ∞∑
n=1
cnφ
n
)2
− 1
2
∞∑
n=1
cnnφ
n−1ψ¯ψ +
∞∑
n=1
cngφ
n∇2φ.
(3.9)
Note that the n = 1 terms have a quadratic field dependence. We will therefore often
denote c1 ≡ 2m2 and write the Lagrangian as:3
Lc =(∂tφ)2 − g2
(∇2φ)2 + 2m2gφ∇2φ−m4φ2 + ψ¯γ0∂tψ + gψ¯∇2ψ −m2ψ¯ψ
−
∞∑
n,m=2
cncm
4
φn+m −m2
∞∑
n=2
cnφ
n+1 −
∞∑
n=2
n
2
cnφ
n−1ψ¯ψ +
∞∑
n=2
cngφ
n∇2φ. (3.10)
3.3 Interactions in 3+1 Dimensions
We keep the (2 + 1)-dimensional notations of the previous subsections (see also appendix
A). In this model the fermion field transforms as a singlet under spatial rotations. The
(3 + 1)-dimensional fields have scaling dimensions of [φ] = 12 , [ψ] =
3
2 and [F ] =
5
2 respec-
tively. Therefore, in order for the Lagrangian to have couplings of non-negative (weighted)
dimensions, the interactions must consist of a finite series in powers of φ. The most general
action in 3 + 1 dimensions which is invariant under the supersymmetry transformation is
captured by (3.4) with W1 = W3 = W5 = W6 = 0.
Imposing invariance under the supersymmetry transformation (2.2):
L3+1 = (∂tφ)2 − g2
(∇2φ)2 + 2m2gφ∇2φ−m4φ2 + ψ¯γ0∂tψ + gψ¯∇2ψ −m2ψ¯ψ
−m2
5∑
n=2
cnφ
n+1 −
5∑
n,m=2
cncm
4
φn+m +
5∑
n=2
cngφ
n∇2φ−
5∑
n=2
n
2
cnφ
n−1ψ¯ψ.
(3.11)
This is the same as the 2+1 dimensional relevant interactions with the infinite series cutoff
at n = 5. The couplings have weighted scaling dimensions of [cn] =
5−n
2 and c5 represents
a marginal interaction.
3.4 The Detailed Balance Condition
The supersymmetric interactions can be built using the stochastic quantization approach
and the detailed balance condition. A partial case containing only the first two terms in
the infinite sum of the relevant interactions considered here was studied in [6]. By defining:
W (φ) =
1
2
∫
d2x
(
g (∇iφ)2 −
∞∑
n=1
gan
φn+1∇2φ
n+ 1
+
∞∑
n=1
cn
φn+1
n+ 1
)
, (3.12)
3m is not a mass in the standard non-relativistic sense (this role is played by g), but rather in the sense
that it serves as an IR regulator.
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the most general action in 2 + 1 dimensions which is invariant under our supersymmetry
transformation can be calculated by using (2.13). One can also use this framework to
preform the quantum calculations in the (1 + 1)-dimensional z = 1 theory of a real bosonic
field and check that the diagrammatical divergence structure agrees with our results (the
detailed discussion is in section 4.4). Note, however, that the relative normalization of
the kinetic terms cannot be obtained in this way [5]. Quantum mechanically we cannot
separately fix the renormalization of φ and g. The same analysis can be performed for the
(3 + 1)-dimensional scale invariant model by setting an = 0 for all n, and cn = 0 for all
n > 5.
4 Quantum Corrections
In this section we study the quantum corrections to the marginal and relevant interactions
of the previous section (with coefficients an and cn respectively). We find that in both
cases there is a cancellation mechanism which reduces the naive degree of divergence at
first order in perturbation theory. For the relevant interactions we also show this at second
order in perturbation theory. We compute the relations between the renormalized coupling
constants at first order in perturbation theory and find that to this order the relations
imposed by supersymmetry are not modified and supersymmetry is not broken. As we will
see the relevant set of interactions cannot introduce corrections to the relative normalization
of the kinetic terms g and the marginal couplings an. This is expected on dimensional
arguments.
4.1 Quantum Corrections to the Relevant Interactions in 2+1 Dimensions
In this subsection we will study the quantum corrections to the set of interactions described
by the Lagrangian (3.10). The bosonic and fermionic propagators are given by:
〈φφ〉 = i
2
1
ω2 − (gk2 +m2)2 + i
〈
ψαψ¯β
〉
=
1
2
ω (γ0)αβ + i
(
gk2 +m2
)
δαβ
ω2 − (gk2 +m2)2 + i , (4.1)
where the half factor in the fermion propagator is due to the fact that we are working with
real fermions. The relevant Feynman rules for the vertices are summarized in figure 1.
4.1.1 Cancellation of Quadratic Divergences at First Order
We begin by studying the divergences of the theory at first order in perturbation theory,
which is linear in the coupling constants cn with n 6= 1 (m2 is not necessarily small).4
Any non-vanishing diagram in the theory must have an even number of fermionic external
4Having more than one coupling constant allows for different perturbative expansions based on different
hierarchies of the coupling constants that one can impose when taking their limit to zero. It is an inter-
esting question whether imposing a hierarchy of the coupling constants which makes the infinite series of
interactions in equation (3.10) converge for any value of the fields will keep this property at any order in
perturbations theory. We can alternatively cut the infinite series of interactions at a finite n in which case
higher order interactions will be formed successively at each order in perturbation theory. Formally speak-
ing the limit that we take in this section can be thought of as a strong suppression of coupling constants
cn for all n > N where N is some large integer.
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(a) − i
2
ncn (b) −icngq2 (c) −im2cn (d) −
i
4
ckcn+1−k
Figure 1. Feynman rules for the relevant interactions. Dashed lines denote bosons, solid lines
denote fermions. A thick dashed line represents a boson with a spatial momentum insertion. There
is a trace and a factor of −1 for a closed fermionic loop. For the bosonic legs there is also a symmetry
factor. n ≥ 2 for vertices (a) through (c) and n ≥ 3 for vertex (d).
legs. At first order in perturbation theory we have at most 2 external fermionic legs. Such
diagrams are at most logarithmically divergent. A diagram with only bosonic external legs
can however have quadratically divergent contributions. This is easily seen by dimensional
analysis. Here we show that these divergences cancel and we are left with only logarithmi-
cally divergent contributions. All the quadratically divergent contributions to a diagram
with n−1 external bosonic legs and no external fermionic legs are depicted in figure 2. This
includes the corrections to the bosonic propagator for n = 3. The quadratic divergences
cancel in pairs.
Figure 2. First order contributions to a diagram with n−1 external bosonic legs and no fermionic
legs. Note that the purely bosonic vertices contain momentum insertions (see the vertex in figure
1b).
Let us first examine the first pair of diagrams in figure 2. The one with a single bosonic
loop has the following quadratically divergent contribution:
B = cnn!
2
∫
dωqd
2q
(2pi)3
g q2
ωq2 − (g q2 +m2)2
. (4.2)
The frequency integral is convergent and can be performed explicitly. The natural thing is
then to regard the quadratic divergence as a quadratic dependence on the spatial momen-
tum cutoff Λ. The quadratically divergent contribution from the fermionic vertex reads:
F = icnn!
4
∫
dωqd
2q
(2pi)3
Tr
[
γ0ωq + i(g q
2 +m2)
]
ωq2 − (g q2 +m2)2
= −cnn!
2
∫
dωqd
2q
(2pi)3
g q2
ωq2 − (g q2 +m2)2 + . . . ,
(4.3)
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where in the last step we have neglected logarithmically divergent contributions and used
Tr γ0 = 0 and Tr δαβ = 2. When summing these two diagrams one finds that the quadratic
divergence cancels. Hence B + F is at most logarithmically divergent.
The following pairs of diagrams in figure 2 would in general contain in addition to the
structure described above k more closed bosonic loops without momentum insertions. Let
us denote the standard (logarithmically divergent) contribution of a bosonic loop with no
momentum insertions by:
BL ≡
∫
dωqd
2q
(2pi)3
i
2
1
ω2 − (g q2 +m2)2 =
1
16pig
log
(
gΛ2
m2
)
+ finite. (4.4)
Then the cnn! factor in (4.2)-(4.3) would be replaced by:
(n+ 2k)!cn+2k
2kk!
(BL)k, (4.5)
for each of these pairs of diagrams. This factor is common to the fermionic and bosonic
diagrams for each pair and hence does not change the conclusion about the cancellation of
quadratic divergences in each pair of diagrams.
4.1.2 Renormalized First Order Perturbation Theory
We need to absorb the non-physical logarithmic divergences that remain in the theory
at first order in the perturbative expansion into the unobservable bare parameters of the
theory defined by:
Lc = (∂tφ)2 − g20
(∇2φ)2 + 2m20 g0 φ∇2φ−m40φ2 + ψ¯γ0∂tψ + g0 ψ¯∇2ψ −m20ψ¯ψ
−
∞∑
n,m=2
c0nc
0
m
4
φn+m −m20
∞∑
n=2
c0nφ
n+1 −
∞∑
n=2
c0nn
2
φn−1ψ¯ψ +
∞∑
n=2
g0 c
0
nφ
n∇2φ, (4.6)
where we rewrote the mass, relative normalization of the kinetic terms and coupling con-
stants as m0, g0, c
0
n to emphasize that these are the bare parameters of the theory. Redefin-
ing:
φ = Z
1/2
φ φr, ψ = Z
1/2
ψ ψr,
δzφ = Zφ − 1, δzψ = Zψ − 1,
δm = m
2
0Zφ −m2, δg = g0 − g,
δcn = c
0
nZ
(n−1)/2
φ − cn,
(4.7)
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where now m, cn are the physically measured mass and coupling constants, we can recast
the Lagrangian in the form:
Lc = (1 + δzφ) (∂tφr)2 − g(g(1 + δzφ) + 2δg)
(∇2φr)2
+ 2(g(m2 + δm) +m
2δg)φr∇2φr − (m4(1− δzφ) + 2m2δm)φ2r
+ (1 + δzψ)ψ¯rγ
0∂tψr + (g(1 + δzψ) + δg)ψ¯r∇2ψr
− (m2(1 + δzψ − δzφ) + δm)ψ¯rψr
− (cn + δcn)
∞∑
n=2
φn−1r
[
m2φ2r − gφr∇2φr +
n
2
ψ¯rψr
]
+O(c2n>1, δ
2),
(4.8)
which corresponds to the Feynman rules in figure 3. We will only study the first non-
trivial corrections to the field strengths, relative normalization of the kinetic terms, mass
and coupling constants. Because vertices can produce closed loops that emerge from them
the first non-trivial corrections to the coupling constants are of the same order as the
coupling constants themselves.
In addition to the redefinitions (4.7) we need to specify the precise definitions of the
physical mass and coupling constants. The mass and field normalization are defined by
requiring that the poles in the propagators and their residues remain the same as in the
non-corrected propagator (4.1). Since the diagrams contributing to the corrections to the
bosonic and fermionic propagator at first order in the coupling constants do not in general
depend on the external frequency this forces δzφ = δzψ = 0.
The first order perturbative corrections to the bosonic and fermionic propagators are
depicted in figures 4 and 5. If we again denote:
BL ≡
∫
dωqd
2q
(2pi)3
i
2
1
ωq2 − (g q2 +m2)2 =
1
16pig
log
(
gΛ2 +m2
m2
)
, (4.9)
we can write the result of figure 4 as follows:
Dφ = −i(gp2 +m2)
[
4(δm + p
2δg) +
∞∑
k=1
(2k + 1)!
2k−1k!
(
c2k+1 + δc2k+1
) · (BL)k] , (4.10)
where p is the spatial external momentum, and that of figure 5 as:
Dψ = −i
[
δm + p
2δg +
∞∑
k=1
(2k + 1)!
2k+1k!
(
c2k+1 + δc2k+1
) · (BL)k] . (4.11)
Setting δg = 0 and:
δm = −
∞∑
k=1
(2k + 1)!
2k+1k!
(
c2k+1 + δc2k+1
) · (BL)k (4.12)
yields Dφ = Dψ = 0 for all p2. This is consistent with the conditions on the propagators’
poles and residues. The physical definition of δcn will be detailed below. Note that the
– 11 –
(a)
i
2
1
ω2 − (g k2 +m2)2 + i (b)
1
2
ω (γ0)αβ + i
(
g k2 +m2
)
δαβ
ω2 − (g k2 +m2)2 + i
(c) iδzφ(ω
2 − g2p4 +m4)
− 2i(δm + p2δg)(m2 + gp2)
(d) δzψ (ωγ
0 − i(gp2 +m2))
+ im2δzφ − i(δm + p2δg)
(e) −im2cn (f) −
i
2
ncn (g) −icn g q2
(h) −im2δcn (i) −
i
2
nδcn (j) −iδcn g q2
Figure 3. Feynman rules for the relevant interactions in renormalized perturbation theory. We
kept only those contributions which are at most linear in the coupling constants.
fact that the corrections to the three independent terms φ∇2φ, φ2 and ψ¯ψ can all be
reabsorbed in the same δm is highly non-trivial and indicates the quantum conservation of
supersymmetry at first order in perturbation theory. We will prove a similar conclusion
for δcn in what follows.
We now proceed to the corrections to the vertices. At first order in perturbation
theory, a non-vanishing diagram has at most 2 external fermionic legs. The contributions
to a scattering amplitude with 2 external fermionic legs and n − 1 external bosonic legs
(n ≥ 2) are depicted in figure 6. The value of the amplitude is given by:
Mnψ = −
i
2
[
n! c˜n +
∞∑
k=1
c˜n+2k
(n+ 2k)!
2kk!
(BL)k
]
. (4.13)
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Figure 4. Corrections to the bosonic propagator.
Figure 5. Corrections to the fermionic propagator.
The scattering amplitude with n+ 1 bosonic legs is depicted in figure 7 and equals:
Mnφ = −i
m2(n+ 1) + ∑
i∈bosonic
external legs
gp2φ,i
[n! c˜n + ∞∑
k=1
c˜n+2k
(n+ 2k)!
2kk!
(BL)k
]
, (4.14)
where we have defined c˜n = cn + δcn .
To make an appropriate choice of the corrections one needs to properly define the
coupling constants. A frequent requirement is that the appropriate amplitude equals the
tree level value (no-loops) of the relevant coupling constant for certain values of the external
momenta. This is obtained by for example choosing:
δcn = −
1
n!
∞∑
k=1
c˜n+2k
(n+ 2k)!
2kk!
(BL)k, (4.15)
which will keep the structure of the original vertices for any value of the external mo-
mentum. This is due to the fact that the loop integrals do not depend on the external
momentum at this order. Note also that the corrections for a certain cn depend on all
higher cn couplings. As mentioned in a previous footnote, we regard the infinite series of
interactions as effectively cutoff at some large N so that the infinite sum of corrections is in
fact finite and convergent. Other choices in which a precise hierarchy of coupling constants
is enforced are also possible (for example a Sine-Gordon like model).
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Note again that the fact that the independent corrections to the three terms mcnφ
n+1,
cnφ
n∇2φ and cnφn−1ψ¯ψ can all be reabsorbed in the same set of corrections δcn is highly
non-trivial, and indicates that supersymmetry is preserved at first order in perturbation
theory.
Figure 6. Corrections to a vertex with 2 fermionic and n− 1 bosonic legs.
Figure 7. Corrections to a vertex with n+ 1 bosonic legs.
4.1.3 Cancellation of Quadratic Divergences at Second Order
The absence of quadratic divergences persists at second order in perturbation theory. Here
we should consider diagrams quadratic in the coupling constants cn. Diagrams consisting of
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one vertex of the type in figure 1d with both cn 6= c1 are at most logarithmically divergent
as they can only contain divergent integrals of the form BLm, where m is the number of
bosonic loops closing on themselves. We therefore consider diagrams with two vertices of
the types in figures 3e–3g and their first order quantum corrections 3h–3j. In fact, we
can replace each of the two vertices plus the contributions due to loops originating from
them and closing on themselves and the counter terms that we added at first order by
the effective “blobs” of figures 6 and 7 (see also equations (4.13) and (4.14)). Each of
these “blobs” (or dressed vertices) is finite and equals the tree level contribution of the
appropriate vertex. We are then left to consider any number of loops closing between the
two “blobs” (or dressed vertices).
A point that we have ignored so far is that the counting of the degree of divergence
is in general non-trivial and depends on the regularization scheme. The naive degree of
divergence is obtained by dimensional analysis and is more precisely defined by imposing
a correlated cutoff in frequency and momentum after wick rotating the frequency variables
ω → iω. In the case of Lifshitz with z = 2 it is natural to cut the momentum integrals
at a scale of order Λ and the frequency integral at Λ2, where Λ is a spatial momentum
cutoff. One can then study the contributions to the integral from very large frequencies
and momenta assuming that the most divergent contributions come from this range. The
naive degree of divergence is therefore given as:
D = −2Pψ − 4Pφ + 2V∇2 + 4L, (4.16)
where Pψ, Pφ are the number of fermionic and bosonic propagators, V∇2 is the number
of bosonic vertices with spatial momentum insertions and L is the number of loops. An
alternative approach is to perform explicitly the frequency integrals when those converge
and then impose a cutoff on the resultant momentum integral. Since Lifshitz theories are
not boost invariant there is a priori no reason to assume a correlated regularization scheme
on frequency and momentum, and one can impose different unrelated cutoffs in the two.
Let us begin by studying diagrams with only one loop closing between the two dressed
vertices in which case we can demonstrate that the counting of the degree of divergence is
the same using the two methods described above. The diagrams can be divided to three
types: diagrams with 4 external fermion legs, diagrams with 2 external fermion legs and
diagrams with no external fermion legs. All the second order diagrams with one loop
closing between the two vertices are depicted in figure 8. The naive degree of divergence is
logarithmic (D = 0) for the diagrams in figures 8h, 8i and 8l and convergent (D < 0) for
the rest. The blobs themselves are, after adding the first order quantum corrections, finite
and equal to their tree level values. We therefore conclude that there are no quadratic
divergences at second order with one loop closing between the two vertices.
Performing the analysis by the second method is also possible. For example taking the
three divergent contributions of figures 8h, 8i and 8l we obtain after explicitly performing
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the frequency integrals:
cncmn!m!
4
∫
dωqd
2q
(2pi)3[
g2 q4
(ωq2 − (g q2 +m2)2 + i) ((ωq − ωk)2 − (g (k − q)2 +m2)2 + i)
+
g2 q2(k − q)2
(ωq2 − (g q2 +m2)2 + i) ((ωq − ωk)2 − (g (k − q)2 +m2)2 + i)
− 1
2
ωq(ωq − ωk) + (g q2 +m2)(g (k − q)2 +m2))
(ωq2 − (g q2 +m2)2 + i) ((ωq − ωk)2 − (g (k − q)2 +m2)2 + i)
]
= − icncmn!m!
8
∫
d2q
(2pi)2[
g2q2
(
q2 + (k − q)2) (g q2 + g (k − q)2 + 2m2)
(g q2 +m2) (g (k − q)2 +m2) (ωk2 − (g q2 + g (k − q)2 + 2m2)2)
]
,
(4.17)
where ωk, k are the sums of external frequency and momenta entering one of the “blobs”,
and assuming there are n− 1, m− 1 external bosonic legs on the two vertices respectively.
One can easily see that the last expression has a local logarithmic divergence which does
not depend on ωk or k, plus a finite part which depends on external momentum and
frequency. The fact that the divergent contribution is local and does not, for example,
contain inverse powers of the external frequency and momentum is important for the theory
to be renormalizable.
For higher number of loops closing between the two vertices we have not performed the
frequency integrals explicitly, however we can perform the naive counting of the degree of
divergence. The most diverging diagrams are similar to 8h, 8i and 8l, but with additional
(non thickened) bosonic lines attaching the two vertices. If we denote the number of loops
by l, the naive degree of divergence is given by
D ≤ −4(l + 1) + 4 + 4l = 0, (4.18)
which is again logarithmic. It may not seem obvious at first why, when performing the
frequency integrals and then imposing a momentum cutoff, diagrams which are logarith-
mically divergent by the weighted power counting will not contain e.g. contributions of the
form Λ2/ωk, where Λ is the momentum cutoff and ωk is the external frequency. Similar
contributions arise when performing explicitly the frequency integral in (4.17) and con-
sidering separately the contributions of each of the residues. For example, contributions
which are proportional to 1/(ωk + g q
2 − g (k − q)2) and are less divergent than naively
expected arise due to frequencies very close to poles whose location is not bounded in q2.
These contributions cancel when summing over the two residues. It has been argued by
[10] that such contributions should not arise, and that in fact all needed counter terms
are local. That is, when the subdivergences are removed, taking enough derivatives with
respect to external momenta should make the integral overall convergent, hence, nonlocal
divergences should not appear.
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(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
(j) (k) (l) (m)
Figure 8. Second order corrections to the relevant interactions with one loop closing between the
two vertices. The grey “blobs” contain the first order vertex corrections. The double thick bosonic
line is in the case when the two legs with momentum insertions connect among themselves.
4.2 Quantum Corrections to the Marginal Interactions in 2+1 Dimensions
We now add the marginal interactions (3.7). Since these interactions produce the relevant
set of the previous subsection by quantum corrections we need to consider both at once.
The solution for the auxiliary field F introduce in this case also mixed interaction terms
proportional to c1an = 2m
2an which contribute at first order in perturbation theory. We
summarize here the additional interactions introduced by the marginal terms an on top of
those in (4.8) at first order in perturbation theory:
La+c = Lc −
∞∑
n=1
a˜ngφ
n−1
r
[
g
(
φr(∇2φr)2 + 1
n+ 1
φ2r∇4φr
)
− n+ 2
n+ 1
m2φ2r∇2φr
]
+
∞∑
n=1
a˜ngφ
n−1
r
[n
2
∇2φrψ¯rψr + φrψ¯r∇2ψr
]
+O
(
a2n, c
2
n>1, δ
2
)
,
(4.19)
where we have defined a˜n ≡ an + δan = a0nZψZn/2φ . The relevant Feynman rules are in
figure 9.
4.2.1 Quantum Supersymmetry
Let us define the standard quadratically divergent contribution:
BLq2 ≡
∫
dωqd
2q
(2pi)3
i
2
q2
ωq2 − (g q2 +m2)2 , (4.20)
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(a) −i a˜ng2 (b) −i a˜n
1
n+ 1
g2 (c) −i a˜ng
(d) −in
2
a˜ng (e) −i
n+ 2
n+ 1
m2 a˜ng
Figure 9. Feynman rules for the marginal interactions in renormalized perturbation theory. We
kept only those contributions which are at most linear in the coupling constants. Momentum
insertions are labeled on the vertex figures.
and similarly:
BLq4 ≡
∫
dωqd
2q
(2pi)3
i
2
q4
ωq2 − (g q2 +m2)2 , (4.21)
in addition to the BL of equation (4.9).
We begin by studying the new contributions to the the fermion propagator (4.11) with
spatial external momentum p from the vertices of figures 9c and 9d:
δDψ = −i
[
g
∑
k
a˜2k
(2k)!
2kk!
(BL)k−1 ((BL)p2 + k(BLq2))
]
. (4.22)
The corrections to the bosonic propagator (4.10) from the vertices in figure 9a-9e are given
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by:5
δDaφ = − ig2
∞∑
k=1
a˜2k
(2k)!
2kk!
(BL)k−2 [2p4(BL)2 + 8kp2(BLq2)(BL)
+2k(BLq4)(BL) + 4k(k − 1)(BLq2)2
]
,
(4.23)
δDbφ = − ig2
∞∑
k=1
a˜2k
(2k)!
2kk!
(BL)k−1 [2p4(BL) + 2k(BLq4)] , (4.24)
δDcφ = 4ig
∞∑
k=1
a˜2k
(2k)!
2k(k − 1)!(BL)
k−1 [g(BLq4) +m2(BLq2)] , (4.25)
δDdφ = 4ig
∞∑
k=1
a˜2k
(2k)!
2k(k − 1)!(BL)
k−2 [g(BLq2) +m2(BL)]×(
p2(BL) + (k − 1)(BLq2)
)
,
(4.26)
δDeφ = − 4igm2
∞∑
k=1
a˜2k(k + 1)
(2k)!
2kk!
(BL)k−1 [p2(BL) + k(BLq2)] . (4.27)
In total the bosonic propagator (4.10) is corrected by:
δDφ = −4ig
∞∑
k=1
a˜2k
(2k)!
2kk!
(BL)k−1(gp2 +m2) [p2(BL) + k(BLq2)] . (4.28)
Note, that the highest divergent contributions BLq4 and (BLq2)2 completely cancel by the
preserved supersymmetry.
Choosing:
δg = −g
∑
k
(2k)!
2kk!
a˜2k · (BL)k (4.29)
and:
δm = −
∑
k
(2k + 1)!
2k+1k!
c˜2k+1 · (BL)k − g
∑
k
(2k)!
2k(k − 1)! a˜2k · (BL)
k−1(BLq2), (4.30)
yields again Dφ = Dψ = 0. The fact that the same δm and δg allow the renormalization of
various different terms in the Lagrangian is an indication that supersymmetry is preserved
at the first perturbative order.
5Note, some of the diagrams in the sums proportional to (k − 1) begin to appear only at k = 2.
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Similarly for the vertices (4.13) (n ≥ 2):
δMnψ = −
i
2
g
∑
k
a˜n+2k−1
(n+ 2k − 1)!
2k−1(k − 1)! (BL)
k−1(BLq2)
− i
2
g
2p2ψin + ∑
i∈bosonic
external legs
p2φ,i
×
[
a˜n−1(n− 1)! +
∑
k
a˜n+2k−1
(n+ 2k − 1)!
2kk!
(BL)k
]
(4.31)
and (4.14):
δMnφ = −ig
m2(n+ 1) + ∑
i∈bosonic
external legs
gp2φ,i
×
[ ∞∑
k=1
a˜n+2k−1
(n+ 2k − 1)!
2k−1(k − 1)! (BL)
k−1(BLq2)
]
− ig
g ∑
i∈bosonic
external legs
p4φ,i + 2g
∑
i<j∈bosonic
external legs
p2φ,i p
2
φ,j +m
2(n+ 1)
∑
i∈bosonic
external legs
p2φ,i
×
[
a˜n−1(n− 1)! +
∑
k
a˜n+2k−1
(n+ 2k − 1)!
2kk!
(BL)k
]
.
(4.32)
Choosing:
δan = −
1
(n− 1)!
∑
k
a˜n+2k−1
(n+ 2k − 1)!
2kk!
(BL)k (4.33)
and
δcn = −
1
n!
∞∑
k=1
(BL)k−1 (n+ 2k)!
2kk!
[
c˜n+2k(BL) + ga˜n+2k−1 2k
n+ 2k
(BLq2)
]
(4.34)
we are able to renormalize all vertices, preserving supersymmetry. We can also see that
the relevant interactions do not correct the marginal coupling, justifying in retrospect our
separate study of the relevant interactions in subsection 4.1.
4.3 Lifshitz Supersymmetry in 3+1 Dimensions
In 3+1 dimensions with z = 2 we find for the interactions (3.11) that again supersymmetry
is preserved at first order in perturbation theory. We also deduce that scale invariance
is broken at the quantum mechanical level at the second order in perturbation theory,
containing two vertices and two loops.
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4.3.1 Quantum Supersymmetry
The definitions of the counter terms remain as in (4.7) and the Feynman rules remain those
of figure 3 with all cn with n > 5 set to zero. The renormalization procedure is very similar
to the 2 + 1 dimensional case. The only changes are the cutoff of the (formerly) infinite
interaction series and the fact that the integration measure becomes dωqd
3q/(2pi)4. The
standard divergent integral BL of equation (4.9) is replaced with:
BL(4d) ≡
∫
dωqd
3q
(2pi)3
i
2
1
ωq2 − (gq2 +m2)2 =
Λ
4pig
+ finite. (4.35)
The first order quantum corrections are still captured by (4.10)–(4.15) with the re-
placement BL → BL(4d) and cn set to zero for all n > 5 (only k = 1, 2 in the sums).
We detail here explicitly the quantum corrections to demonstrate what happens when
the interaction series is cutoff. The quantum corrections to the fermionic and bosonic
propagators are given by:
Dφ = −i(gp2 +m2)
[
4(δm + p
2δg) + 6BL(4d)
(
c˜3 + 5c˜5BL(4d)
)]
(4.36)
Dψ = −i
[
(δm + p
2δg) +
6
4
BL(4d)
(
c˜3 + 5c˜5BL(4d)
)]
(4.37)
Where p is the spatial external momentum. Therefore setting
δm = −6
4
BL(4d)
(
c˜3 + 5c˜5BL(4d)
)
, δg = 0 (4.38)
yields Dφ = Dψ = 0 for all p
2 (which is consistent with the conditions on the propagator’s
poles and residues). We have again defined c˜n = cn + δcn . It is not clear a priori why δg
does not get corrected by the marginal coupling c5. The δcn will be fixed by the quan-
tum corrections to the vertices. The contributions to a scattering amplitudes Mnψ with 2
external fermionic legs and n− 1 external bosonic legs (n ≥ 2) are given by:
M2ψ = −i
(
c˜2 + 6c˜4 BL(4d)
)
, M3ψ = −3i
(
c˜3 + 10c˜5 BL(4d)
)
,
M4ψ = −12ic˜4, M5ψ = −60ic˜5.
(4.39)
The scattering amplitudes with n+ 1 external bosonic legs Mnφ equal:
M2φ = −2i
(
3m2 + g
3∑
i=1
p2i
)(
c˜2 + 6c˜4 BL(4d)
)
,
M3φ = −6i
(
4m2 + g
4∑
i=1
p2i
)(
c˜3 + 10c˜5 BL(4d)
)
,
M4φ = −24i
(
5m2 + g
5∑
i=1
p2i
)
c˜4, M5φ = −120i
(
6m2 + g
6∑
i=1
p2i
)
c˜5.
(4.40)
To make an appropriate choice of the corrections one needs to properly define the coupling
constants. Choosing e.g. that the appropriate amplitude equals its tree level value for
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some given values of the external momenta we get:
δc2 = −6c4BL(4d), δc3 = −10c5BL(4d), δc4 = δc5 = 0, (4.41)
which can be plugged back into (4.38) to obtain:
δm = −6
4
BL(4d)
(
c3 − 5c5BL(4d)
)
, (4.42)
which is both quadratically and linearly divergent. This choice of corrections will keep
the structure of the original vertices for any value of the external momentum at the first
perturbative order. This is due to the fact that the loop integrals do not depend on the
external momentum at this order. Note again that the fact that the independent corrections
can all be reabsorbed in the same δm and δcn indicates that supersymmetry is preserved
at this order.
4.3.2 Breakdown of Lifshitz Scale Invariance
Using the the stochastic quantization approach of section 3.4 we can study the breakdown
of scale invariance in the z = 2, 3 + 1 dimensional supersymmetric theory from the cor-
responding (classically scale invariant) three-dimensional relativistic bosonic theory with
only c5 being non-zero. The three- dimensional relativistic theory was previously studied
in [12, 13].
We have already seen that c5 does not run at the first perturbative order. However, at
the second perturbative order c5 has a non vanishing beta function and hence scale invari-
ance is broken. The contribution to the beta function comes from the diagram depicted in
figure 10 and reads:
β (c5) ≡ µ∂c5
∂µ
=
(
5c5
2pi
)2
> 0, (4.43)
This diagram is logarithmically divergent and has a logarithmic dependence on the external
momentum. Therefore it creates a non-trivial β function, which leads to a breaking of scale
invariance.
Figure 10. The first non-vanishing contribution to the β function of the coupling constant c5.
4.4 A Comparison with Stochastic Quantization
One can use the stochastic quantization framework and compare our results for z = 2 with
those of the corresponding relativistic bosonic theory (3.12). In this subsection we compare
some of the properties of the two theories. In particular we show that the superficial degree
of divergence matches.
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In the 2 + 1, z = 2 supersymmetric model with only relevant couplings cn the highest
degree of divergence obtained was logarithmic (see subsection 4.1). This is also the case
for the corresponding two dimensional relativistic case of equation (3.12) with only cn 6= 0
whose naive degree of divergence is given by:
D = 2(1− V ), (4.44)
where V is the number of vertices. This is at most logarithmically divergent.
In the case with marginal couplings an the degree of divergence was at most quadratic
in the z = 2 Lifshitz supersymmetric case of subsection 4.2. In the corresponding relativistic
theory of section 3.4 with nonzero an we obtain the same behavior since each vertex can
be accompanied by two powers of momentum thus correcting the superficial degree of
divergence to be at most 2. The fact that the relevant set of coupling constants does not
generate corrections to the marginal set also matches the relativistic behavior, where it can
be explained by dimensional arguments.
The same analysis can be performed for the 3 + 1 dimensional, z = 2 supersymmetric
model by studying the quantum corrections to the three-dimensional bosonic theory. Here
the superficial degree of divergence is given by:
D = 3− N
2
− 3
2
Vc2 − Vc3 −
1
2
Vc4 , (4.45)
where N is the number of external legs, Vci is the number of vertices of type ci. One can
compare the corrections in equations (4.41) - (4.42) obtained in the presence of any of the
vertices. The naive counting matches exactly.
5 Summary and Outlook
In this work we considered classical and quantum aspects of Lifshitz supersymmetry. In the
cases that we studied we found that quantum corrections preserve supersymmetry, while
there are indications for a breakdown of the scale symmetry, at least in 3 + 1 dimensions.
The models that we considered are intimately related to those that appear in the framework
of stochastic quantisation with a detailed balance condition, making them natural in the
presence of a stochastic noisy background.
In the work we encountered interesting aspects of Lifshitz supersymmetry that de-
serve further studies. When making an attempt to formulate Lifshitz supersymmetry via
superfields one encounters a difficulty. A natural generalization of the standard super-
symmetry differential operator Q for Lifshitz field theories with z 6= 1 contains more then
one space derivative. Such an operator does not satisfy a standard product rule (e.g.
[Q,Φ2] 6= 2Φ[Q,Φ]). This makes it challenging to construct the Lagrangians and interac-
tion terms via a superspace formalism.
The condition for supersymmetry breaking in Lifshitz theories is similar to that of
the relativistic case E ≡ 〈0|H |0〉 > 0. The study of spontaneous Lifshitz supersymmetry
breaking and the structure of the goldstinos is an important direction to pursue. Going
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beyond the leading orders in perturbation theory in the study of quantum Lifshitz sym-
metry is also of interest. In the models that we considered it is likely that the stochastic
quantisation framework will prove useful.
A complete classification of supersymmetric Lifshitz theories with general represen-
tations of the fermions under spatial rotations is clearly a desirable objective. Lastly, it
will be of much interest to analyse the potential consequences of Lifshitz supersymmery if
manifested in condensed matter systems.
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A Notations and Conventions for Two Component Real Fermions
We follow the conventions of [14]. We use the following (real) representation of the Gamma
matrices:
(γµ)αβ = (−iσ2, σ1, σ3),
(γµ)αβ = (−I,−σ3, σ1),
(γµ)α
β = (iσ2, σ1, σ3),
(γµ)αβ = (−I, σ3,−σ1).
(A.1)
The sigma matrices are:
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.2)
Note that:
{γµ, γν} = 2ηµν , (A.3)
where ηµν = diag (−1, 1, 1).
The spinors are raised and lowered using the northwest-southeast convention:
ψα = αβψβ, ψα = ψ
ββα, (A.4)
where 12 = 
12 = 1. This implies V αUα = −VαUα for any two spinors U and V . The
order of contractions is lower-upper unless specified otherwise. Transposition changes the
height of an index.
We define:
ψ¯ = ψTσ2. (A.5)
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In terms of explicit spinor components:
ψα =
(
ψ1
ψ2
)
, ψα = αβψβ =
(
ψ2
−ψ1
)
, (A.6)
(ψ¯)α = (ψα)
Tσ2 =
(
ψ1 ψ2
)(0 −i
i 0
)
= i
(
ψ2 −ψ1
) ∼= iψα,
therefore
ψ¯α = ψ¯
ββα = i
(
ψ1
ψ2
)
= iψα,
where ∼= stands for component by component equality. This dependence makes sense as
we are dealing with real spinors i.e. ψ∗1 = ψ1 and ψ∗2 = ψ2. We work under the following
convention (ηχ)∗ = χ∗η∗ for the complex conjugation of fermions.
We will use the following identities for real spinors:
ψ¯χ = χ¯ψ,
ψ¯γµχ = −χ¯γµψ,
(ψ¯η)χα = −(χ¯η)ψα − (χ¯ψ)ηα,
(A.7)
which can be easily checked by the explicit component notation.
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